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ABSTRACT: In this paper, we have used A-convergence introduced by Mursaleen [19]. Let 1 = (4,,)) be a real
sequence of positive humbers that approaches to infinity with 4,,,.; < A, + 1,A; =1 which we have used for
introducing statistical A-convergence. We have developed a generalized characterization named as
statistical A-convergence of order a (0 < a < 1) in the intuitionistic fuzzy normed space (IFNS) and obtained

some results with suitable examples.
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I. INTRODUCTION

Firstly, Zygmund [25] proposed the idea of statistical
convergence in 1935. Fast [8] simultaneously brought
an expansion to the normal concept of sequence
convergence which he named as Statistical
convergence. Schoenberg [21] and Fridy [9] provided a
few fundamental properties of this convergence and
also explained this result by summability method
independently. Over a period of time plenty of new
research work has been taken place in this area
because of its applicability in the various mathematical
fields as in Banach spaces [10], Fourier analysis [1],
measure theory [4, 15], number theory [16] and
trigonometric series [25] etc. Earlier this concept was
restricted only to the sequences of real and complex
numbers but later on it has been extended to sequences
in probabilistic normed space[12], random normed
space [5], fuzzy normed space [23] and intuitionistic
fuzzy normed space [17].

In brief outline, the formulation of statistical convergence
is intimately connected to natural density. The natural
density of any subset E of N (set of natural numbers)
can be approximated by

1
6(E) = lim—|{re E:r <n}|
n-oon

where, |.| represents the cardinality of the enclosed set
E.

Definition 1.1 [8] A sequence y = (y,)is statistically
convergent to some [ if for every € > 0, we have

liMyeo - {r < iy, =1l > €}l =0 (1.1)

Since statistical convergence is of great importance
therefore, a lot of research work has been done on its
generalization. One of which is A —statistical
convergence which was given by Mursaleen [18] using
the non-decreasing sequence 1 = (4,.) approaches to o«
inawaythatd,,, <A +1, A, =1.

Definition 1.2 [18] A sequence y = (y,) converges A-
statistically convergent to some [ if for every € > 0, we
have

. 1
llmnqmzl{r Elly, =1l =€} =0,

where I, = [n— 21, + 1,n].

Therefore, it could be written as S, —lim,_ .y, =
lory, = I(Sy) and S, = {y:l €R,S; —limy = L.}

For any a € (0,1] Golak along with Bektas [6] in their
paper, they generalized the above definition and named
it as A-statistical convergence of order a.

Definition 1.3 [6] Let « € (0,1] and A= (4,) be an
increasing sequence of positive real numbers. Then, a
sequence y = (y,) converges A-statistically of order «
(0 < a < 1)tosomelif for every e > 0, we have

1
ggigHrEh4%~4lzdl=Q

where I, = [n— 1, + 1,n].

Therefore, it could be written as Sff —lim, oy =
lory, = I(S{) and S = {y:l e R, S — limy =[}.

In this paper we will work on statistical A-convergence of
order a in the intuitionistic fuzzy normed space (IFNS).
Firstly, we are discussing about a few necessary
concepts related to IFNS. The concept of fuzziness of a
set was proposed in the year 1965 by Zadeh [24]. His
notion brought a drastic change in the concept of
classical set theory. As it is a tool of much wider
applicability in those conditions where the norm of any
vector is not possible to evaluate. So, with the passing
years, research work on this topic has been increased
on a rapid scale because of its use in the various fields
as in population control [3], fuzzy topology [7], non-
linear dynamics system [11] etc. Later on, Park [14] in
2004 came up with fuzzy intuitionistic metric space and
then in the year 2006 along with Saadati [20] he
proposed the IFNS. Next, we are mentioning the basic
terms used in the concept of IFNS.

Definition 1.4 [22] A t-norm which is also known as
triangular norm is defined as a binary operation * on
[0,1] as continuous mapping *: [0,1] X [0,1] -
[0, 1]V p,q,r,s € [0,1] if the properties given below are
satisfied:

a) p*xl=p,

b) pxq=q=p,

c) (px@)xr=p=(q=*r),

d pxg<rxsifr>=pands=q.
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We will move forward to the next definition that is useful
for understanding and deriving IFNS.
Definition 1.5 [22] A t-conorm is defined as a binary
operation o on [0,1] as a continuous mapping °: [0,1] x
[0,1] = [0,1] V p,q,1,s €[0,1] if the properties given
below are satisfied:
a) pe0=p,
b) peq=gqep,
c) (peq@er=peo(qer),
d) peq<rosifr>pands=>gq.
Using definition 1.4 and 1.5 Park along with Saadati
[20], proposed the structure of IFNS as follows:
Definition 1.6 [14]: A 5-tuple (Y, ¢,9,%,0) is known as
intuitionistic fuzzy normed space (IFNS) if Y is a vector
space, *is a continuous t-norm,cis a continuous t-
conorm and (p,9) are fuzzy sets on Y x (0, «)satisfies
the next properties for anyx,y € Y andp, q > 0:
a) e(xp)+I9(xp) <1,
b)) @(x,p)>0andI(x,p) <1,
¢) @(xp)=1andI(x,p) =0iffx =0,

d) elax,p)=¢ (x'l%l) and 9(ax,p) =
9 (x,i) foreach a # 0,
lal

e e(xp)*e(y,q < e +y,p+q) andd(x,p) e
9(y,q) 29(x+y,p+q),
f)  @(x,0):(0,00) - [0,1] and ¥(x,°): (0, 0) - [0,1]
are continuous,
g) limp—mo (P(xr P) =1 rlimp—>0 (P(xr p) =
O,Iimpqmﬁ(x, p)=0 andlimpqoﬁ(x, p) =1
Then the set (¢, 9) is named as intuitionistic fuzzy norm.
This definition can be explained with the help of an
example as given below:
Example Let (V,||-|[) be a normed space. Consider
m+n=min{fm+n,1} andm+*n=mnon[0,1]Vye
Y and every p > 0, take

__"r —
¢(,p) = 5 and 9(y,p) =
Then, (Y, p,9,%,) is an IFNS.

Sadaati and Park [20] studied the notion of convergence
and Cauchy sequence in IFNS which is given below:
Definition 1.7 [20] Let (Y,¢,9,x°) be an IFNS. A
sequence y = (¥,);=, converges to some [ €Y with
respect to(¢, ) if for eache > 0andp > 03 r, € Nsuch
that oOr—Lp)>1—€candI(y, — Lp) <eVr=r,.
Symbolically, (¢,9) — lim,_, 3, = L.

Definition 1.8 [13] Let(Y,p,9,x°) be an IFNS. A
sequence y = (y,);2, converges statistically to some
1 € Y with respect to (¢,9) if for each e > 0 and p > 0,
we have

limn—mo%l{r EN:o(—Lp)<1-€ord(y,—Lp) =
e}l=0,
or

1l
pHiyIl’

1
r11123#{7‘ eN: oy —Lp)>1—€eandI(y. —Lp) <e}l
=1
Il. MAIN RESULTS

In order to study statistical A-convergence in IFNS for
order a, we first mention A-convergence of the
sequences given by Mursaleen [19] in the year 2010 as
follows:

A sequence y = (y,.);2,is A-convergent to leY if
Ay, » 1 as r — < where Ay, =%r "—o(4; = A;_1)yj, and
the sequence (A)with 0<A; <A <. <A <
“+..and Aj - »as j - o,

Definition 2.1 [2] Let (Y,¢,9,%°) be an IFNS. A
sequence y = (¥,)=,is said to be A -convergent to
some [ € Y with respect to (¢, v) if for every e > 0 and

p>03r,eN such that
9Ny, —Lp)<e r=r.
Definition 2.2 [2] Let(Y,p,v,%°) be an IFNS. A
sequencey = (y,)7=, is said to be statistically A -
convergent to some [ € Y with respect to (¢,9) if for
every e > 0and p > 0, we have

1
lim ;I{r eN: oAy, —Lp) <1—€eord(Ay, — L,p)
n—-oo

oAy, —Lp)>1—€¢ and

=€} =0,
or
limnqm% {reN: ¢(Ay, —[,p) >1—€eand 9(Ay, —
Lp)<e}l=1

It could be presented as S,‘(’“’ —lim,,,(y,) = where

S/‘("‘?(Y) represents the collection of all statistically A -
convergent sequences in Y.

Definition 2.3 Let (Y,9,9,x°) be an IFNS. A
sequencey = (¥,);2, is said to be statistically A-
convergent of order a(0 < a < 1to L €Y with respect
to (¢, 9) if for every € > 0and p > 0, we have

1
limﬁl{r eN: oAy, —L,p) >1—¢eand 9(Ay, — L, p)
n-—-oo

<e}=1
or

1
lim Fl{r eN:p(Ay, — L,p) <1 —€eord(Ay, —,p)
n—-oo
>€}=0
And could be written as S — lim,_.,(y,) = | where

S,‘("‘?u(Y) represents the collection of all the sequences in
Y which are A-statistically convergent of order a in the
IFNS.

In case when a = 1 then definition 2.3 gives same result
as that of definition 2.2 since they both coincide.
Definition 2.4 Let (Y, ¢,9,%°) be an IFNS. A sequence
y = (¥,);~, is said to be statistically A-Cauchy of order
a (0 <a <1) with respect to (¢,9) if for every € >0
and p > 0, we have

1
Aim—z|{r €N = o(Ay, — Ays,p)
<1l-eord(Ay, —Ay,p) 2 €}| =0,
or

1

lim —2 [{r € N : 9(Ay, — Ays, p)

> 1 —¢e and 9(Ay, — Ay,,p) < €}| = 1.
Lemma 2.5 Let (Y, ¢,9,%0°) be an IFNS and 1 = (,);2;
be a real non-decreasing sequence of positive numbers
defined above.
The next statements are equivalent for the sequence
¥ = (3);=,Whenever e > 0 andp > 0.

(i) SO = lim, o () = 1,

(ii) lim,,_, o niu {reN: @Ay, —1,p) <1—€ord(Ay, —
Lp)=€}=0

(iii) limy,_ 00 n% {r e N: Ay, — ,p) > 1 — e and 9(Ay, —
Lp)<e} =1,

. 9% . _ ov* .

(iv) Sy —limg(Ay, — 1) =1and S, —lim9(Ay, —
D=0.

Now, we will prove that the uniqueness property of the
limit of sequence in IFNS for the statistical 4-
convergence.
Theorem 2.6 Let (Y,¢,9,%°)be an IFNS. A sequence
y = ()52, is statistically A-convergent of order a(0 <
a < 1) with respect to (¢, 9) to unique limit.
Proof: Let S?”" —lim,_,(y,)=10 and
lim,_ () = [, such that [, # L,.

For anye>0, we choose w>0 such that (1-
w)*(l—-w)>1—-ecandwoew <e.

Now, for p > 0, define

9%
Sy —
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Los w,p) = freN: o (ny, - li,g) <1-w},
Loz (w,p) = {T EN: <p(Ayr - lz,g) <1 —w},
Loy (w,p)={r€N: ﬁ(Ayr L2 >wy,

- . . P

Ly, EW, p) = {r EN:9 (Ayr lz,uz) > w}.
Since, 57" —limy oo () = L andSL”" — lim, e, (3,) =
.
Then it follows for every p > 0,
limnqm% |Ly1(w,p)| =0and limnqmnl—u |Ly2(w,p)| =0
lim,,_,, % |Lg 1 (w, )| = 0 andlim,,_, niu |Lg,(w,p)| =0
Let
L(p,x? w,p) =
{Loa (W, P)ULg; (W, p)} N (L2 (W, P)ULg (W, p)}.
Then clearly lim,,_,c, :—u|L<pﬂg w,p)|=0

. 1
= limy 0 — |LS, s (W, p)| = 1.
If r € L, 5(w,p), then we have two cases.
€ {Lw,l(wr p) u L(p,Z(Wr p)}c'

T € {Lys1(w,p) ULy, (w,p)}".
First, we consider

Ifr € {L,1 (W,p)U Ly, (w,p)}°. Then, we have

o —Lp) = 9 (M =1, 5) + o (A — 1, 5)
>A-w)x(1-w)
>1—¢€
=>¢l-l,p)>1-¢
Since, € > 0 was arbitrary, then ¢(l,_L,,p) =1 for all
p>0=1 =1,
(b) Ifr € {Ly1(w,p)ULy,(w,p)}°. Then, we have

I, t) <9 (Ayr - ll,g) 019(Ayr - lz,g) <wow<e

=>9(_l,p) <e

= 9(;-1,,p) =0forp > 0.
=1 =1

Hence, we get unique limit.

Next, we are giving the relation of usual convergence
and statistical A —convergence of order a.

Theorem 2.7 Let (Y,¢,9,%°) be an IFNS and y =
(yr)72, be any sequence. If (¢,9) —lim(y) =1,
then S/‘("ﬁu —lim,,(y,) =1 where a€(0,1]. But,
converse does not hold.

Proof: Since (¢,9) —lim y, = [, then for any € > 0 and
p > 0 there exists a number ry € N such that p(Ay, —
Lp)>1—cand9(Ay, — Lp) <e Vr =r,.
Lyy={r€N: oAy, —Lp) <1—eord(Ay, —Lp) = €}
contains finite number of elements. As every finite
subset of natural numbers N has density equals to zero.

1
> limﬁl{r EN: oAy, —Lp) <1—€eord(Ay, —Lp)
n—-oo
>e}|=0.

i.e. SX"M —lim, Lo (y) = L

But converse part does not holds, it can be explained
with the help of next example.

Theorem 2.8 Let (R, |-|) be real normed space under
usual norm.

Define, c+xf =cfandceo f =min(1,c + f)

lx] Vx€Randp >0
p+x|

Letp(x,p) = —2— and 9(x,p) =

p+lx|

1, r=m?

0, otherwise
For every e > 0 and p > 0 we define

Define Ay, = {

Lys(ep) = {r €N: oAy, —0,p)
<1-eord(Ay, —0,p) =€}

4
={reN:—P Sl—eorﬁzd
p+|Ay| p+|Ay,|

=fren:ia 1=-P 50y
Yol 2

={reN: Ay, =1}
={reN:r=m?

im n
= Ag‘oﬁll‘w,ﬁ(fr{))l SJL“E‘OF
s ooVn . 1
Then, lim .0 =0asn > oifae (/1]

(@)« . @9*
= Ayr W_,O(SX)LG_ Ayr w—)(), ifa € (1/2 71]

P 2
. —, g=r1°5reN
A =—P _ p+1 <1
since, ¢(%9;.7) P+l { 0, otherwise h
1 — 2.
and 9(Ay,,p) =12l 1y 9=THTEN
9’ p+Ay| 0, otherwise

Thus, the result of the theorem is established.
In the next theorem, we will show the
characterization of the sequences in IFNS.
Theorem 2.9 Let (Y, p,9,%0) bean IFNSand 0 < a < 1.
Let x = (x,)52, and y = ()52, be two sequences inY.
(i) 152" —lim,_(x,) = xoand b € R, then

SX"M —lim, ., (bx,) = bx, ,

(i) 1f S —1im, 00 (x,) = %o aNdS?" —lim, o0 (3,) =

algebraic

Vo, then SX"M —lim, L (X + ) = %0 + ¥o -
Proof: (i) Let SP°" —lim,_,(x,) = x,. Then for any
€ > 0andp > 0 we have

Ly (e,p) ={r e N: p(Ax, — x9,p)

<1-eorI(Ax, — xy,p) = €}

with 1imy, e, =Ly, s (6,p)| = 0.
If b =0, then the result holds. Suppose b # 0, then for
r % L(p,x? (Er p)

P
@(Abx, — bxo,p) = @ (Axr - xo,m>

> p(Ax, = x0,p) * 9 (0,5~ p)
>(1-e)*x1=1-¢€

= @(Abx, — bxy,p) >1—¢,

and

9(Abx, — bxy,p) =9 (Axr - xo,%>
< 9(Ax, — xp,p) 09 (0,;%| - p)
<eol0=c¢€

= @(Abx, — bxy,p) <e.

Thus, limnqmnl—u [{r € N: ¢(Abx, — bxy,p) > 1—

€ and 9(Abx, — bxy,p) < €}| = 1.

i.e. lim,_ niu |[{r € N: ¢(Abx, — bxy,p) <1—

€ or 9(Abx, — bx,,p) = €} = 0.

Hence, S/‘("ﬁu — lim,_,o, (bx,) = bx,.

(i) Let SO —1im, 00 (x,) = x0andS??" — lim, 00 (3) =

¥o . Then forany e > 0 and p > 0 we choose w > 0 such

that 1 —w)*(1—-w)>1—- eandwow <e.

Define L, (w,p) ={reN: ¢ (Axr —x ) <1-

word (Axr — X, ,g) > W} with lim,,_, o, niu [Ly(w,p)| =0
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and L, (w,p) = {r EN: <p(Ayr —yo,g) <1-
. . 1
word (Ayr - ,g) > W} with lim,,_,, - |Ly(w, p)| =0.
Now, for r & [L,(w,p) U L, (w,p)]
(ACxr + ) — (X0 + ¥0),P)
= @ ((Axy — x0) p+ (Ayr —¥0).p) .
Z ¢ (Axr - xOrE) to (Ayr - yo,i)
>SA-w)+x(1-w)>1-—¢€
and
ﬁ(A(xr + yr) - (xo + yO)r P)
=9((Ax, — xO)p+ (Ayr —¥0).p) .
< 9 (Ax, = xo.5) o 9 (A = Yor )
<wow<e

= Al—gloni'll{r EN: (AQG +yr) — (%0 +Y0)p) S1—
eor I(A(x, +y,) — (xg + ¥o),0) > €} = 0.
Hence, SX"M —lim, o, (%, + ) = (%9 + Yo )-
Theorem 2.10 Let (Y, ¢,9,%,0) be an IFNS and 0 < a <
1. Then for any sequence y= ()%, SP7 -
lim,_(y.) =1 iff there is a subset | ={j; <j, <
JER— }SNsuch that d65()=1and (¢,9)—
limi_ﬂw(yji) =1
Proof: Necessary Condition:
LetSX"ﬁa —limg,() =1 For any p>0 and w=
1,2,3,...
Lopsw,p)={reN: oAy, —L,p) > 1 —% and 9(Ay, —

1
I,p) < ;} and
Ly y(w,p)={r€N: oAy, —Lp) <1 —% and 9(Ay, —
Lp) =)

Since, 77 —lim, o, (3;) = L.

also, Ly, y(w,p) 2 Ly, s(Ww+1,p)

and limnqm% LS, s(w,p)| =1, for any p>0 and
w=123,...

(2.1)
We prove, 27 —lim,._.., (3) = I by contradiction.
Let r €L ,(w,p).As sequence y= (¥ );L,is not
statistically A -convergent.
3B >0andr, € Z* such that
Iy, —Lp) =B Vr=r
i.e.p(Ay, —Lp)>1—-BandI(Ay, —Lt) <B Vr<r

1

= lim Fl{r eN:p(Ay, —L,p) >1— B orId(Ay, — L,p)
n—oo
<Bjl=o0.

Since, f > =, we get limy,o, — LS, 5 (w, p)| = 0, which is
a contradiction to the equation (2.1).
Sufficient Condition:
Suppose 3 a set = {j; <j, <jg e } €N such that
8D = and SP" —limy_o(y;,) = L.
i,e.3r e Nsuchthatp >0andp > 0.

oMy, —Lp)>1—-pordAy,—Lp) <p
Now,

Ly, (w,p) ={reN: (p(Ayg -1 p)
1 1
<1--— - >
<1 w or9(Ay, —L,p) = W}
E N~ Jrotfraz o}

liMysco == | L s (W, p)| = 1= 1= 0.

oAy, —Lp)<1-p or

SXM?“ - lim,:_mo (y]L) =1[.

Hence proved.

Definition 2.11Let (Y,¢9,9,x°) be an IFNS and
¥y =)z, be any sequence. Then it is said to be
statistically A -Cauchy sequence of order a(0 < a < 1)
with respect to (¢,9), ifforw >0andp >0 3 N =N(w)
such that

limyoseo —c [{r € N: @ (Ay, — y,p) < 1—w or 9(Ay, —

yn,p) Zw} = 0.

In the next theorem, we will prove that statistically
A —convergent is statistically A-Cauchy sequence w.r.i.
(. 9).

Theorem 2.12Let(Y,p,9,%°) be an IFNS and y =
(yr)yeo be any sequence. Then it is statistically A-
Cauchy sequence of order a(0 < a < 1) with respect to

(¢,9), if and only if it is S/‘f“su—convergent.

Proof: Let S*”“ —lim(y,) = L. Then for any e >0 we
choose w >0 such that (1 —-w)*(1—w)>1—-¢€¢ and
wow<E.

Now for any p > 0, we have

Lyysw,p)={r€eN:g (Ayr - l,g) <l-w orﬁ(Ayr -

LY zw}=0, (2.2)

LS sw,p) ={r EN:gp (Ayr - l,g) >1- wandﬁ(Ayr -

LY <wi=1.

Let deL,y(wp).Then ¢ (Ayd - l,g) >1-w and
2

9 (Ayd - l,;) <w.

Now, let C,9(w,p)={r e N:p(Ay, —Ayg,p) <1-—

e or 9(Ay, — Aya,p)} = €.
We need to show that Cy, o (w,p) < Ly, 9 (W, p).

Letr € Cyp9(W,p) — Ly.9(W, D).

Now we have, ¢@(Ay, —Aysp) <1l—candg (Ayr -
L g) >1—w.

In particular, ¢ (Ayd - l,g) > 1—w, then

1—€2 oy, — Aya,p) = ¢ (Ay, = LE) « o (Ay, -

I g) > (1 —w) * (1 —w) > 1 — e which is a contradiction.
On the other hand, 9(Ay, — Ays,p) =€ and 9 (Ayr -
I g) < w.

In particular, 9 (Ayd - l,g) <w.

Then,

e < 9(Ay, — Aya,p) <9 (A, - z,g) o9 (Ayq— z,g)
<wow<eE.

It contradicts again.

Hence, C, 9 (W, p) € Ly 9 (W, D).

Therefore, by equation (2.2)

limnqmnl—u {r € Nigp(Ay, — y4,p) <1 —€ord(Ay, —

ya.p) = €}| = 0.

Hence, y = (3,)2ois S,‘f“?u—Cauchy with respect to

(. 9).

Conversely,

Let y = (3,)2, be Sj\”“gu—Cauchy with respect to (¢,9)

but not $¢*“-convergent.

lim,,_, o, nl—u |Ly9(w,p)| = 0 where

Reena et al., International Journal on Emerging Technologies 10(2b): 43-47(2019) 46



Los(w,p) ={r € Nip(Ay, — Ay,,p)

<1-word(Ay,. — Ays,p) =w} =0.
Choose € >0 such that (1— €)*(1—¢€) > (1 —w) and
€oe<w.

Now, ¢(Ay, = Aya,p) = ¢ (Ayr —L7) 0 (Aya— L2
>A-e)*(1-¢)
>1-w

and 9(Ay, — Ayg,p) <9 (Ayr = zg) o (Ayd - zg)
<€oe<w.

Since, y = (3,02, is not $”“-convergent.

Therefore, lim,,_, :—u|prﬂ9(w, p)l=1-1=0ie.

= lim,0 nl—u |L<p‘19 (w, p)| =1,

which is a contradiction as y = (y,.);2, is S/‘(""'I—Cauchy.

Hence,y = (v,)2, is S,‘f‘ﬁu—convergent with respect to

(. 9).

Ill. CONCLUSION

The paper concludes the generalization of the Statistical
convergence with the help of A —convergence over
Intuitionistic fuzzy norm space and also present some
fundamental properties related to this concept. Also,
the paper gives more generalized results as compared
to classical convergence methods.
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